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ABSTRACT

New approaches and uses of the statistical energy analysis
(NAUSEA) have been considered and developed in recent months. The
advances were made possible in that the requirement, in the olde
statistical energy analysis, that the dynamic systems be highly
reverberant and the couplings between the dynamic systems need be con-
servative could be relaxed in the new approaches. With this relaxation
a large number of new uses have become amenable for analytical con-
sideration in terms of the statistical energy analysis (SEA). A brief
discussion and simple examples that relate to these recent advances
will be presented. A delightful aspect of SEA, that is accentuated by
NAUSEA, is that it establishes the principle of supplementarity of
damping and isolation. Briefly, the principle states that in situa-
tions in which the application of either damping or isolation does not
perform satisfactorily in controlling a noise problem, the supplemental |
application of damping and isolation may perform effectively. The

principle will be simply exemplified and discussed.
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I. OLDE SEA

A et

In Figure la is cast a complex in terms of the olde statistical

energy analysis (OSEA) [1-5]. The description of the basic dynamic

P it TSOaRt)

systems and the interactions between them is defined in terms of the

loss factor matrix n. The response of the complex is specified in terms

PRI iy s

of the stored energy vector E and the external drive is specified in
terms of the external input power vector He. The relationship between

these quantities and their explicit forms are

R N A nag) 5 E= (B}

M= {mn,} ; “ac'%“ea S Myy =Ny s v

2 . TN M QRN A A G B

where n is the self-loss factor, na is the loss factor, Ea is the

ot
stored energy, nae is the external input power into the (®)th basic
dynamic system, nmB is the coupling loss factor from the (B)th_Eg the
()th basic dynamic system, and w is the center frequency of a suitable

frequency band of width Aw so that (Aw/w) << 1 [1-5]. The statistical

energy quantities and parameters are assumed to be specified in terms

o el 3,

of averages over that frequency band and are designated as dependent
on the frequency w [1-5]. [The designated dependence on w is suppressed

as being obvious.] It 1s convenient and more explicit to invert equa-

el I T

tion (1) so that
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The validity of equations (1) and (2) is severely restricted to complexes
: that consist of highly reverberant dynamic systems, to conservative

f? coupling between dynamic systems, and to external drives that obey
certain spatial and temporal statistics [1-5]. The severe restrictions
imposed on OSEA have limited the deployment of this analytical tool even
in those situations in which it could be most useful; the critics used
the restrictions imposed on SEA to dismiss it a priori even before they

attempted to understand the fundamental concepts and applicabilities that

underlie it. Those of us who employed SEA in our daily work are not

T
B TGS S A Sl

Aig

! merely aware of the restrictions but are also aware of its benefits;
SEA, even 1in its olde form, is a tool of considerable benefit to a noise
s control engineer. 1In a highly reverberant dynamic system; nat <«< 1,

one may define a modal stored energy €, and a modal density n  so that

.

[1-5]

6.
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? It is thus noted that naB and nBa are related in terms of the modal

§ densities n, and ne of the (a)th and (B)th dynamic systems,
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To explore OSEA more explicitly a simple example is presented.

In Figure 1b is depicted a complex consisting of two coupled basic dynamic

systems. The dynamic systems are designated (1)st and (2)nd. Equa-
tions (1) and (2) for this complex are
- E T /w
it 12 1 le
- . - + . = + (4)
ALY b, ¢ Nt ",
wl E n /w
21 2t 2 2e
[\ n.n
I 2t 12 1€
-1
[nlt nzt nlznzg i (3
n
E e " 2e/w

respectively. To simplify the consideration it is assumed that the

(2)nd dynamic system is more extensive than the (1)st; n1 << nz, only

the (1)st dynamic system is driven; II e £ 0, and that it is particularly
2

desired to control the response of the (2)nd dynamic system; diminish

the value of Ez. Consistent with these statements and impositions

equation (5) can be written in the form

= -l . - -1 (6a)
E (Hle/w)[nl+n21(n2/nzc)] (Hle/wnlt)ll ("12"21/“1t "z:’]

.
E - (n,e/“"z:){"z;[“,+“z;(“2’"2:)r } El(nZX/nzt) . (6b)

Equation (6b) can also be written in the form

R R X P T



e =e[n (m+ N ; e={e,e} . (6¢)
2 1 12 2 12 ~ 1’ 2 ]

B e b T

It is of interest and convenience, in pursuing the example further, to
cast equation (6) on the parametric plane defined by {(nzlnl),

("12/"2)}' The parametric state of the complex is designated by a point

R b i

2

on this plane. It 1s convenient to divide the plane into regimes in

! which the behavior of the complex has 8imple and decisive forms. A
network of 4 regimes and 3 transition regions is depicted in Figure 2a.

The regimes may be defined in terms of the vector J; J = {Jl’Jz}’

FUSRICANIRDTE S

J! =0or 1, J2 = 0 or 1, as indicated in Figure 2a. It is found that the ]

behavior of the complex in the regimes J = {0,1} and J = {1,1} 1is

similar and that there is no need to define a transition region between ‘

them. In these regimes the distinction between the two dynamic systems i

can be dispensed with and the two dynamic systems can be coalesced into

a single dynamic system so that [6-8] :%
- . o~ -1 . = . B
E=E +E 3 E = (I /w) (n) 3 Mg =T, :; W
n=n +n ; n=(@ '(n+n) . (7)
. 1 2 11 22

S TS TR W

Equation (7) indicates that in the two regimes; J = {0,1}; and J = {1,1},

beneficial noise control can be derived only by increasing the damping;

specifically, increasing the value of the average loss factor n. The
nature of n and the imposition that n << n, makes clear that an

increase in the loss factor n2 is more effective than a corresponding f
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increase in the loss factor nl. However, since the (2)nd dynamic system

is of a larger extent; nl << nz, it may be more difficult to increase n2
than nl. [One is also reminded that if damping is increased so that

either or both dynamic systems become nonreverberant, the analytical tool
used in this section beccmes invalid.] On the other hand, in the regime

f = {1,0} beneficial noise control can be derived by increasing the coupling
loss factor nZIto reduced El and by increasing the damping of the (2)nd
dynamic system; increasing nz to reduce Ez' In this regime the modal stored
energy Ez of the (2)nd dynamic system is lower than the modal stored energy
€ of the (1)st. Finally, in the regime J = {0,0} beneficial noise control
can be derived in terms of both increasing the damping; increasing nl and

n , and increasing the isolation between the two dynamic systems; decreasing
2

nzl (and nlz). This regime is governed by the principle of supplementarity;
beneficial noise control can be achieved by either increasing damping,
isolation, or both. 1In this regime the modal stored energy €2 of the (2)nd
dynamic system is significantly lower than the modal stored energy el of

the (1)st. Thus, in gross terms, to achieve beneficial noise control one
would induce modifications on the loss factors n1 and n2 and on the coupling
loss factors n12 (and nzx) so that regime f = {0,0} is reached and the final
state of the complex is placed deep in it. The discussion just presented
can be reiterated graphically using the parametric plane and describing
changes in the parameters nl, nz, nxz’ and nz1 in terms of paths on this
plane. The path begins at the initial state of the complex and ends at the
final state. The aim is that the complex would be significantly less

noisy in the final state than in its initial state. In Figure 2b are




4

FISEansing ) ra o

¥ depicted typical paths that may be taken in seeking to achieve beneficial
'3 noise control on El. In Figure 2c¢ are depicted similar paths for noise

}% control on Ez' Horizontal portions of paths relate to modifications

l induced by changing the loss factor nz’ vertical portions of paths relate
f‘ to modifications induced by changing the loss factor nl, and diagonal

portions of paths relate to modifications induced by changing the loss

; factors nl and n2 in unison and the coupling loss factor n21 (and nlz).
tﬁi It is assumed, however, that in the regime f = {1,1} diagonal paths are
substantially induced by changing the coupling loss factor nz1 (and n12)'
Curves that are of the dash-dot kind indicate portions of paths along

Awhich insignificant noise control results. Portions of paths of this

—— ey e w e A

kind may be undertaken with the anticipation of achieving significant

noise control at latter portions of the paths. Curves that are of the dash

Ce

kind indicate portions of paths along which the noise actually increases;
the increase may be quite substantial. 1In Figures 2b and c, state I
may be considered the initial state and state F may be considered the
final state. States I' and I" may be considered either initial or inter-
mediate. The state F' may be considered a possible final state only with

respect to Figure 2b. If I is the initial state, beneficial noise control

oF TS

can be readily obtained élong path IT', and to a lesser extent, obtained

along path II". The former is achieved by increasing the value of n
2

- b ogi Sl s X

and the latter by increasing the value of nl. [Increasing both is

-3 effective, of course.] It is assumed now that either I' or I" is the

3]

i initial state. With the exception of the path I'F' in Figure 2b, which

is a possible beneficial noise control path for El, no beneficial noise {

e o
I
— .-
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lii control is achieved until the regime J= {0,0} 1s reached. This regime
1 can be reached by either increasing the damping or the isolation. Once
the regime f = {0,0} is reached, the damping and isolation become sup-
.' plemental; the regime is thus designated the supplemental regime. It is
thus revealed that with the exception just stated, to derive beneficial
noise control one would aim to place the final state F as deep into the
supplemental regime as can be achieved. As discussed earlier, the
principle of supplementarity of damping and isolation in the regime
J = {0,0} makes such an aim an indispensible noise control procedure.

It is emphasized again that the formalism presented in this section ]

is valid provided the dynamic systems are highly reverberant. What is

. e e o

:3 the measure of highly reverberant dynamic systems? In the olde SEA,

answers to such questions were not discussed. The reason was that the
b analytical structure of olde SEA could not admit such a discussion. An
extension is infused to the structure of SEA that would allow for the

discussions and answers to questions of which the one just posed is

typical.
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3 II. EXTENDED SEA

. The stored energy vector can be apportioned into a direct and

reverberant part so that

- E= ~d + Ev ; Ed = {Ead} i Ev = {Ehv} ’ (®)

where Ead is the direct and E 1s the reverberant portion of the stored
o

energy of the (a)th dynamic system. The apportionment of the stored

energy of a dynamic system into a direct and a reverberant part is

borrowed from the field of room acoustics; the direct stored energy

{
{
i
A
»,1 relates to the response prior to the first reflection at the boundaries
!
? of the dynamic system and the reverberant stored energy relates to the

response subsequent to the first reflection [9]. The (a)th dynamic

system is said to be reverberant if q:d << qmv and is said to be non-

reverberant if Ead 2 Eav' It is asserted that OSEA describes the
reverberant portion of the behavior of a complex; in that description the
complex may be assumed to consist of highly reverberant dynamic systems.

It is thus prescribed that

L

gv§v=(ljve/w) s I ={m 1}

TR o

ﬁ Have = (l-aa) g a8 HBe ;) o0 =1

—

¥

ny = (848 Ny - A8, G-a) ng) ©
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§v nv Sv(gve/w) ’ (gv) Anv Sv ’

By = Ingls (10)

where aaB is the transmission efficiency from the (B)th to the (a)th
dynamic system, and a, is the absorption efficiency of the (a)th
dynamic system.l It is noted that if a, << 1 and Eae << 1 then
equations (9) and (10) reduce to equations (1) and (2). The concepts
relating to absorption and transmission efficiencies are also borrowed
from the field of room acoustics; these concepts were previously used
in SEA, however, not in the sense in which they are introduced in
equations (9) and (10) [9]. One may argue that

a3y * Ogky) Ny 3 860 * (gky) Mg 3
where Aa is the mean free path and Cy is the speed of free waves in the
(2)th dynamic system. To render equation (11) meaningful it is noted
that 3, must remain smaller than unity; a, < 1, Also, if the dynamic
system is to admit to reverberation (Aaka) must exceed unity; (Xaka) > 1,

From equations (1) and (11) one obtains

a, - (aaa + 3§u oBa) I (Aaka) U

10

" e Lot Dt Bl SIS L el L S

3 ku = (w/ca) (11)

12)




It 1s clear that a << 1 implies that aas << 1. Again, making use of room

acoustics one may state that [9)

" e
Eav = (Aa/ca) %o na

where ;a is, by definition, a positive definite quantity designated the

inverse dynamic system (room) constant
-1
g, = (1-a)@)" >0 (14)

and H: is the effective input power into the (a)th dymamic system.2 Making
further use of room acoustics one may argue that
= e . o~ e
Eq = (A, /uc) m, 3 E, (A /bye,) b g 11, (15)
where ba is a numerical constant; ba ~ 4 for three- and two-dimensional
dynamic systems and ba = 2 for one-dimensional dynamic systems.3 Equa-

tion (15) enables one to declare a dynamic system reverberant or non-

reverberant according to whether
baca >> 1 or baca <1 . (16)

respectively. Equations (9), (10), (13), and (15) constitute a formalism
that extends OSEA in a very significant way; the formalism is no longer
restricted to complexes consisting of highly reverberant dynamic systems.
Moreover, the formalism defines more precisely the condition of reverbera-
tion; see equations (12) and (16). Further, provisions are specified

in equation (15) for estimating the direct stored energy Ead'l It is

11
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emphasized, however, that the statements expressed in equations (9)
through (16) depend, although only implicitly, on the statistical nature,
either real or contrived, of the quantities and parameters involved.

To explore the extended statistical energy analysis (ESEA) the
example treated in the preceding section by OSEA is now treated by ESEA.
The complex consists of two dynamic systems designated (1)st and (2)nd,

and the input power vector Il = {n1e’0}' From equations (9) through

(15) one obtains

e -3 - - - - -]
= ; = ) B .
Ey (Allcl) 30 3 II1 Hle[1+01202152][ " 21C1§2] ;

E =(O/bb)asbz)D® (17a)
1 1 11 11 1

R

e e - - = -1 3
=~ . i - ’
EZV (Az/cz) ;2 HZ ’ HZ 1e 021 (lﬁl)ll c12 021 c1;2]
E = /bc)Q+b g ) I® . (17b)
2 2 2 2 2 2 2

From equations (17a) and (17b) one obtains

=g Qe )0 5 17 . (17¢c)
2 1 2 1 12 21 2

It is also observed from equations (1), (12), and (14) that
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-

al - a11 + azl - O‘lkx)(nxmzl) AP * c-’12 " (Azkz)(nzmlz)'ua)
When C‘ and Cz are large compared with unity, equation (17) reveals the same
behavior that did equation (6), and Figure 2 is applicable. In particular,
the principle of supplementarity is live. When either or both the inverse
dynamic system constants Cl and Cz become close or less than unity, dif-
ferences between the behavior described by equations (17) and (6) appear.
To illustrate these differences a simple extreme case is considered. It

is assumed that blcl >> 1; bzi;2 << 1. Equation (17) assumes the form

E *E_=M/c)cgn® ; n®=n , (19a)
1 1v 1 1 11 1 1e
-3 = (A ]’[e . €~ (5 .

Ez Ezd ( 2/b2c2) 2 r[2 (021/31) Hle (150)

Using equation (11), equation (19) can be written in the more explicit

form
E =(l_/w)(n+n )7' (19¢)
1 1e 1 21
E=QA/bed)® ;3 =21 n (n4n ) ' =n uE . (19d)
2 22 27 2 2 1€ 2101 21 21 1

It is clear from equation (19) that the condition that the (2)nd dynamic

system 1s nonreverberant, namely bzc << 1, places the state of the

m »

complex in the regimes for which J2 0, independent of the means by

13
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which this condition is attained. To achieve beneficial noise control
one has at his disposal the parameters n1 and na. Rendering
(nzllnl) << 1 would place the complex in the supplemental regime; regime
J = {0,0}. The deeper the state of the complex is placed in that regime
the more beneficial the noise control is. Thus, the principle of
supplementarity seems applicable in situations in which the complex may
consist of dynamic systems that are nonreverberant. Of course, damping
and isolation in such situations need be applied chiefly to those dynamic
systems that are reverberant.

Room acoustics was employed to extend SEA so that complexes con-
sisting of nonreverberant dynamic systems could be treated. One may
ask whether room acoustics could be used to reformulate SEA in the hope
that the new formalism would be conceptually more palatable than a mere
extension could? It is conceived that the more acceptable and simpler
concepts to be infused into a reformulation would bring forth New
Approaches and Uses of SEA (NAUSEA). In the next section a brief outline

of a reformulated SEA is presented.

B st R e T o -
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III. REFORMULATION OF SEA

The conservation of energy is stated in terms of concepts that are
familiar in room acoustics. Attention is focused on the (a)th dynamic
system. One defines an incident direct power naid and an incident

reverberant power Ha on the boundaries (walls) of the dynamic system.

iv

These incident powers are given statistical connotation in the sense that
they are considered as likely to be incident on one portion of the boundary
as on another and the distribution of incidence is similar. It is then
_self-evident that the conservation of energy equation can be stated in the

form

3od Mot * %y Moty ™ Toe * Bga apd nBid * %gy IIBiv) ’ (20

where the subscript d designates quantities and parameters that relate
to the direct and the subscript v designates quantities and parameters

that relate to the reverberant portion of the behavior and nature of the |

complex and its constituents dynamic systems, the parameters Baed and

Ean are the direct and reverberant transmission efficiencies from

the (B)th to the (a)th dynamic system, the parameters a 4 and a are

the effective direct and reverberant absorption efficiencies in the

(a)the dynamic system, and Hae is the external input power into the : 1
(o) th dynamic system.4 [Cf. equations (9) and (12).] The absorption
efficiencies include the transmission efficiencies in that the

absorption efficiency of a dynamic system accounts for all powers

15
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that escape the dynamic system. It is noted then that by definition

(21)

g' ]
T
£
8~ '
s
g

Equation (20) can be generalized and cast in matrix form

éﬂ gid + év giv - ye 3 Eid - {nuid} 3 Eiv - {naiv} s i

ne = {nae} 3 g‘s = (608 Bas ~ (1-6a6) oaBs) ' @2)

-~

It is now asserted that the distribution of the direct and reverberant

incidences are substantially similar so that one may set '
1

v > é = (60.8 a, - (1-6'a8) 60.8 ) (23)

P
]
Q>

From equations (22) and (23) one obtains

¢ =0 3 Mp=T,+0, - (24)

ATl

[Cf. equation (1).] Equation (24) may be inverted to read




RSB Tocn b 4

pursantiing e sl

Y

~

I=8"80T ; A=a"'B ; |a|=4a . (25)
X ] ~ ~ a

[Cf. equation (2).] Borrowing from room acoustics one may state that [5,6]

e
]Jiz'glj 3 g-§+gv ; Henfﬂz} :
~ e . =
Eid Ee : Eiv - gv I 3G (GGB SV (26)

where I is the identity matrix. The power vector M® describes the effective
input powers injected into the constituent dynamic systems of the complex.

Again borrowing from room acoustics one may state that1

-~ e ~ e
E=E, + Ev i Eg gd I - gv I ?
Da = (8igPa/baca)) 5 B, = (SgPley %) - @7

[Cf. equations (8), (11), (13), (15), and (16).] 1It is of interest to
observe that the statistical aspects of SEA are retained in the reformula-
tion as just derived and stated in equations (20) through (27); indeed,
they are fundamental to the derivation of these equations. However,

the requirement that the complex consists of highly reverberant dynamic
systems and that the couplings between dynamic systems need be conservative
have been relaxed. Theanalogies and differences between OSEA and ESEA

and the reformulation of SEA can be assessed using equation (11). It can
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be deduced that the reformulation embodies both OSEA and ESEA. When the
appropriate restrictions are imposed on the reformulation the formalism
reduces appropriately to these two formats; the reformulation is the
least restricted of the three versions of SEA discussed herein.

To explore the reformulation of SEA the example treated in the
preceding sections, by OSEA and ESEA, is now treated by the analytical
format developed in this section. From equations (24), (25), and (26)
one obtains

(1+C )
2 12 le

¢I® = (4T HAH I[1-5 5 (I )| _ - . (28)
12 21 1 2 5 a+z ) 0
21 1
From equations (26) and (28) one obtains
e . 5 o -1

n= nle[l—o12 0, (I YA+ )] ’ (29a)

e . ne =
II2 Hl 021(1+C1) . (29b)

Equation (29) shows considerable similarity and agreement with equation (17).
The regimentation of the noise control procedure discussed with respect

to OSEA and ESA is thus relevant and is directly applicable to the
reformulation of SEA. In particular, the principle of supplementarity is

maintained and preserved in this reformulation.
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¥ FOOTNOTES

i

3 1. In situations in which the complex consists of dynamic systems

' 1
that are structurally alike, e.g., rooms or panels, the transmission :

'J efficiencies aGB can be simply expressed

Sup = Gag/Sp) %p 3 g™l Sug

where OaBis the transmission efficiency from the (B)th to the (a)th dynamic
system across a boundary that corresponds to the common boundary between
these two dynamic systems, SaB is the size of that common boundary, and

SB is the effective size of the boundary of the (B)th dynamic system. The

simplicity is attained in that a common boundary of the same dimension can

SO I A el

be assigned to each of the two coupled dynamic systems in the complex. In

B S

situations in which the complex consists of dynamic systems that are
structurally unlike, e.g., mixture of rooms and panels; the definition of
the transmission efficiencies are not as explicit as these just stated for

the like structures.

9
- N 2. The inverse dynamic system constant [ is a parameter that

§
oy

describes the dynamic system in gross terms that are commensurate with
pi the broad formalism of SEA; indeed, in this paper it is adapted as a
SEA parameter. In room acoustics the room constant is defined in the

5 form (S/C) where S is the effective surface area of the room. In this

paper the room constant is defined (C)-l.

Lo F, SN
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3. One may cast the direct portion of the stored energy in a more
detailed form. Were one better informed as to the locations, directivities,
and strengths of the power sources, the direct stored energy vector Ed
could be constructed to embody this information; see Reference 5. In
these situations the spatial distributions of the direct and the reverberant
responses, within the space occupied by the dynamic system, could be
estimated. In equations (15) and (28) the direct portion is set in gross
terms in which locations and directivities are randomized so that they
become statistically uniform. In these situations the spatial distribu-
tions of the direct and the reverberant responses are averaged over the
space occupied by the dynamic system and the responses are stated in
terms of such averages.

4. In this formalism the exchange of powers between dynamic systems
and the absorption of powers in a dynamic system are attributed to
boundaries, either common or environmental. Thus, exchanges and absorp-
tion of powers that are not executed at the boundaries of a given
dynamic system are cast in terms of equivalent boundary exchange and
absorption. Procedures for establishing the equivalence need to be
developed. This statement is particularly relevant to situations in

which the complex consists of unlike dynamié systems.1
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Figure 2a - The parametric plane for a complex consisting of two
basic dynamic systems. Only the (1)st dynamic system

is driven. The plane is divided into four regimes;
J={J ,J},J =00r1,J =0 orl.
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Figure 2b - Paths drawn on the parametric plane depicting beneficial
noise control induced on the response of the (1)st
dynamic system. [Dash-dot curves depict portions of
paths along which the noise remains unmodified. Dash

curves depict portions of paths along which the noise

; increases. ]
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;.‘ Figure 2c - Paths drawn on the parametric plane depicting beneficial ;
noise control induced on the response of the (2)nd i
dynamic system. [Dash-dot curves depict portions of paths
along which the noise remains unmodified.)
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